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NONLINEAR KLEIN-GORDON-MAXWELL SYSTEMS WITH
NEUMANN BOUNDARY CONDITIONS ON A RIEMANNIAN
MANIFOLD WITH BOUNDARY
MARCO GHIMENTI AND ANNA MARIA MICHELETTI
Abstract. Let (M, g) be a smooth compact, n dimensional Riemannian man-
ifold, n = 3, 4 with smooth n− 1 dimensional boundary ∂M . We search the
positive solutions of the singularly perturbed Klein Gordon Maxwell Proca
system with homogeneous Neumann boundary conditions or for the singu-
larly perturbed Klein Gordon Maxwell system with mixed Dirichlet Neumann
homogeneous boundary conditions. We prove that C1 stable critical points
of the mean curvature of the boundary generates H1(M) solutions when the
perturbation parameter ε is sufficiently small.
1. Introduction
Let (M, g) be a smooth compact, n dimensional Riemannian manifold, n = 3, 4
with boundary ∂M which is the union of a finite number of connected, smooth,
boundaryless, n− 1 submanifolds embedded in M . Here g denotes the Riemannian
metric tensor. By Nash theorem we can consider (M, g) as a regular submanifold
embedded in RN .
We search the positive solutions of the following Klein Gordon Maxwell Proca
system with homogeneous Neumann boundary conditions
(1)


−ε2∆gu+ au = |u|p−2u+ ω2(qv − 1)2u in M
−∆gv + (1 + q2u2)v = qu2 in M
∂u
∂ν =
∂v
∂ν = 0 on ∂M
or Klein Gordon Maxwell system with mixed Dirichlet Neumann homogeneous
boundary conditions
(2)


−ε2∆gu+ au = |u|p−2u+ ω2(qv − 1)2u in M
−∆gv + q2u2v = qu2 in M
v = 0 on ∂M
∂u
∂ν = 0. on ∂M
Here 2 < p < 2∗ = 2nn−2 , ν is the external normal to ∂M , a > 0, q > 0, ω ∈
(−√a,√a) and ε is a positive perturbation parameter.
We are interested in finding solutions u, v ∈ H1g (M) to problem (1) and (2).
Also, we show that, for ε sufficiently small, the function u has a peak near a stable
critical point of the mean curvature of the boundary.
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Definition 1. Let f ∈ C1(N,R), where (N, g) is a Riemannian manifold. We say
that K ⊂ N is a C1-stable critical set of f if K ⊂ {x ∈ N : ∇gf(x) = 0} and for
any µ > 0 there exists δ > 0 such that, if h ∈ C1(N,R) with
max
dg(x,K)≤µ
|f(x)− h(x)| + |∇gf(x) −∇gh(x)| ≤ δ,
then h has a critical point x0 with dg(x0,K) ≤ µ. Here dg denotes the geodesic
distance associated to the Riemannian metric g.
Now we state the main theorem.
Theorem 2. Assume K ⊂ ∂M is a C1-stable critical set of the mean curvature
of the boundary. Then there exists ε0 > 0 such that, for any ε ∈ (0, ε0), Problem
(1) has a solution (uε, vε) ∈ H1g (M) × H1g (M). Analogously, problem (2) has a
solution (uε, vε) ∈ H1g (M) × H10,g(M). Moreover, the function uε has a peak in
some ξε ∈ ∂M which converges to a point ξ0 ∈ K as ε goes to zero.
From the seminal paper of [2] many authors studied KGM systems on a flat
domain. We cite [1, 4, 6, 7, 8, 9, 10, 21] .
For KGM and KGMP system on Riemannian manifolds, as far as we know the
first paper in which deals with this problem is by Druet and Hebey [11]. In this
work the authors study the case ε = 1 and prove the existence of a solution for
KGMP systems on a closed manifold, by the mountain pass theorem. Thereafter
several works are devoted to the study of KGMP system on Riemaniann closed
manifold. We limit ourself to cite [18, 19, 5, 16, 17].
Klein Gordon Maxwell system provides a model for a particle u interacting with
its own electrostatic field v. Thus, is somewhat more natural to prescribe Neumann
condition on the second equation as d’Avenia Pisani and Siciliano nicely explained
in the introduction of [8].
So, recently we moved to study KGMP systems in a Riemaniann manifold M
with boundary ∂M with Neumann boundary condition on the second equation. In
[14] the authors proved that the topological properties of the boundary ∂M , namely
the Lusternik Schnirelmann category of the boundary, affects the number of the
low energy solution for the systems. Also, we notice that the natural dimension for
KGM and KGMP systems is n = 3, since this systems arises from a physical model.
However, the case n = 4 is interesting from a mathematical point of view, since the
second equation of systems (1) and (2) becomes energy critical by the presence of
the u2v term. For further comments on this subject, we refer to [18]
We can compare [14] and Theorem 2. In [15] we proved that the set of metrics
for which the mean curvature has only nondegenerate critical points is an open
dense set among all the Ck metrics on M , k ≥ 3. Thus, generically with respect to
the metric, the mean curvature has P1(∂M) nondegenerate (hence stable) critical
points, where P1(∂M) is the Poincaré polynomial of ∂M , namely Pt(∂M), evaluated
in t = 1. Hence, generically with respect to metric, Problem (1) has P1(∂M)
solution and holds P1(∂M) ≥ cat∂M . Also, in many cases the strict inequality
P1(∂M) > cat∂M holds.
The paper is organized as follows. In Section 2 we summarize some result that
are necessary to frame the problem. Namely, we recall some well known notion
of Remannian geometry, we introduce the variational setting and we study some
properties of the second equation of the systems. In Section 3 we perform the
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finite dimensional reduction and we sketch the prove of Theorem 2. A collection of
technical results is contained in Appendix A.
2. Preliminary results
We recall some well known fact about Riemannian manifold with boundary.
First of all we define the Fermi coordinate chart.
Definition 3. If q belongs to the boundary ∂M , let y¯ = (z1, . . . , zn−1) be Rie-
mannian normal coordinates on the n− 1 manifold ∂M at the point q. For a point
ξ ∈ M close to q, there exists a unique ξ¯ ∈ ∂M such that dg(ξ, ∂M) = dg(ξ, ξ¯).
We set z¯(ξ) ∈ Rn−1 the normal coordinates for ξ¯ and zn(ξ) = dg(ξ, ∂M). Then we
define a chart Ψ∂q : R
n
+ → M such that (z¯(ξ), zn(ξ)) =
(
Ψ∂q
)−1
(ξ). These coordi-
nates are called Fermi coordinates at q ∈ ∂M . The Riemannian metric gq (z¯, zn)
read through the Fermi coordinates satisfies gq(0) = Id.
We note by d∂g and exp
∂ respectively the geodesic distance and the exponential
map on by ∂M . By compactness of ∂M , there is an R∂ and a finite number of
points qi ∈ ∂M , i = 1, . . . , k such that
Iqi(R
∂ , RM ) :=
{
x ∈M, dg(x, ∂M) = dg(x, ξ¯) < RM , d∂g (qi, ξ¯) < R∂
}
form a covering of (∂M)ρ and on every Iqi the Fermi coordinates are well defined.
In the following we choose, R = min
{
R∂ , RM
}
, such that we have a finite covering
M ⊂ {∪ki=1B(qi, R)}⋃{∪li=k+1Iξi(R,R)}
where k, l ∈ N, qi ∈M r ∂M and ξi ∈ ∂M .
Given the Fermi coordinates in a neighborhood of p, and we denoted by the ma-
trix (hij)i,j=1,...,n−1 the second fundamental form, we have the well known formulas
(see [3, 12])
gij(y) = δij + 2hij(0)yn +O(|y|2) for i, j = 1, . . . n− 1(3)
gin(y) = δin(4) √
g(y) = 1− (n− 1)H(0)yn +O(|y|2)(5)
where (y1, . . . , yn) are the Fermi coordinates and the mean curvature H is
(6) H =
1
n− 1
n−1∑
i
hii
To solve our system, using an idea of Benci and Fortunato [2], we reduce the
system to a single equation. We introduce the map ψ defined by the equation
(7)
{ −∆gψ + (1 + q2u2)ψ = qu2 in M
∂ψ
∂ν = 0 on ∂M
in case of Neumann boundary condition or by
(8)
{ −∆gψ + qu2ψ = qu2 in M
ψ = 0 on ∂M
in case of Dirichlet boundary condition.
In what follows we call H = H1g for the Neumann problem and H = H
1
0,g for
the Dirichlet problem. Thus with abuse of language we will say that ψ : H → H
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in both (7) and (8). Moreover, from standard variational arguments, it easy to see
that ψ is well-defined in H and it holds
(9) 0 ≤ ψ(u) ≤ 1/q
for all u ∈ H . We collect now some well known result on the map ψ. For a more
extensive presentation of these properties we refer to [11]
Lemma 4. The map ψ : H → H is C2 and its differential ψ′(u)[h] = Vu[h] at u is
the map defined by
(10) −∆gVu[h] + (1 + q2u2)Vu[h] = 2qu(1− qψ(u))h for all h ∈ H.
in case of Neumann boundary condition or
(11) −∆gVu[h] + q2u2Vu[h] = 2qu(1− qψ(u))h for all h ∈ H.
in case of Dirichlet boundary condition.
Also, we have
0 ≤ ψ′(u)[u] ≤ 2
q
.
Finally, the second derivative (h, k)→ ψ′′(u)[h, k] = Tu(h, k) is the map defined by
the equation
−∆gTu(h, k) + (1 + q2u2)Tu(h, k) = −2q2u(kVu(h) + hVu(k)) + 2q(1− qψ(u))hk
in case of Neumann boundary condition or
−∆gTu(h, k) + q2u2Tu(h, k) = −2q2u(kVu(h) + hVu(k)) + 2q(1− qψ(u))hk
in case of Dirichlet boundary condition.
Lemma 5. The map Θ : H → R given by
Θ(u) =
1
2
ˆ
M
(1− qψ(u))u2dµg
is C2 and
Θ′(u)[h] =
ˆ
M
(1− qψ(u))2uhdµg
for any u, h ∈ H
For the proofs of these results we refer to , in which the case of KGMP is treated.
For KGM systems, the proof is identical.
Now, we introduce the functionals Iε, Jε, Gε : H → R
(12) Iε(u) = Jε(u) +
ω2
2
Gε(u),
where
(13) Jε(u) :=
1
2εn
ˆ
M
[
ε2|∇gu|2 + (a− ω2)u2
]
dµg − 1
pεn
ˆ
M
(
u+
)p
dµg
and
(14) Gε(u) :=
1
εn
q
ˆ
M
ψ(u)u2dµg.
By Lemma 5 we deduce that
(15)
1
2
G′ε(u)[ϕ] =
1
εn
ˆ
M
[2qψ(u)− q2ψ2(u)]uϕdµg.
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If u ∈ H is a critical point of Iε then the pair (u, ψ(u)) is the desired solution of
Problem (1) or (2).
Finally, we introduce a model function for the solution u. It is well known
that, in Rn, there is a unique positive radially symmetric function V (z) ∈ H1(Rn)
satisfying
(16) −∆V + (a− ω2)V = V p−1 on Rn.
Moreover, the function V exponentially decays at infinity as well as its derivative,
that is, for some c > 0
lim
|z|→∞
V (|z|)|z|n−12 e|z| = c lim
|z|→∞
V ′(|z|)|z|n−12 e|z| = −c.
We can define on the half space Rn+ = {(z1, . . . , zn) ∈ Rn , zn ≥ 0} the function
U(x) = V |xn≥0 .
The function Usatisfies the following Neumann problem in Rn+
(17)


−∆U + (a− ω2)U = Up−1 in Rn+
∂U
∂zn
= 0 on {zn = 0} .
and it is easy to see that the space solution of the linearized problem
(18)


−∆ϕ+ (a− ω2)ϕ = (p− 1)Up−2ϕ in Rn+
∂ϕ
∂zn
= 0 on {zn = 0} .
is generated by the linear combination of
ϕi =
∂U
∂zi
(z) for i = 1, . . . , n− 1.
We endowH1g (M) with the scalar product 〈u, v〉ε :=
1
εn
ˆ
M
ε2∇gu∇gv + (a− ω2)uvdµg
and the norm ‖u‖ε = 〈u, u〉1/2ε . We call Hε the space H1g equipped with the
norm ‖ · ‖ε. We also define Lpε as the space Lpg(M) endowed with the norm
|u|ε,p = 1
εn
(ˆ
M
updµg
)1/p
.
For any p ∈ [2, 2∗), the embedding iε : Hε →֒ Lε,p is a compact, continuous map,
and it holds |u|ε,p ≤ c‖u‖ε for some constant c not depending on ε. We define the
adjoint operator i∗ε : Lε,p′ :→֒ Hε as
u = i∗ε(v) ⇔ 〈u, ϕ〉ε =
1
εn
ˆ
M
vϕdµg.
Now on set
f(u) = |u+|p−1
and
g(u) :=
(
q2ψ2(u)− 2qψ(u))u.
we can rewrite problem (1) in an equivalent formulation
u = i∗ε
[
f(u) + ω2g(u)
]
, u ∈ Hε.
Remark 6. We have that ‖i∗ε(v)‖ε ≤ c|v|p′,ε with c independent by ε.
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Remark 7. We recall the following two estimates, that can be obtained by trivial
computations
‖u‖H1g ≤ cε
1
2 ‖u‖ε for n = 3(19)
‖u‖H1g ≤ cε‖u‖ε for n = 4(20)
We often will use the estimate (19) also when n = 4, which is still true even if
weaker, to simplify the exposition.
Finally, we define an important class of functions on the manifold, modeled on
the function U . For all ξ ∈ ∂M we define
Wε,ξ =

 Uε
((
Ψ∂ξ
)−1
(x)
)
χR
((
Ψ∂ξ
)−1
(x)
)
x ∈ Iξ(R) := Iξ(R,R);
0 elsewhere.
We recall a fundamental limit property for the function Wε,ξ.
Remark 8. Since U decays exponentially, it holds, uniformly with respect to q ∈
∂M ,
(21) lim
ε→0
|Wε,ξ|tt,ε =
ˆ
R
n
+
U t(z)dz
for all 1 ≤ t ≤ 2∗, and
(22) lim
ε→0
ε2 |∇gWε,ξ|22,ε =
ˆ
R
n
+
|∇U |2 (z)dz
We also have the following estimate for the function ψ and for its differential ψ′.
Lemma 9. It holds, for any ϕ ∈ H and for any ξ ∈ ∂M
(23) ‖ψ(Wε,ξ + ϕ)‖H ≤ c1
(
ε
n+2
2 + ‖ϕ‖2H
)
(24) ‖ψ(Wε,ξ + ϕ)‖H ≤ c2ε
n+2
2
(
1 + ‖ϕ‖2ε
)
for some positive constants c1, c2, when ε is sufficiently small.
Proof. We prove the claim for the Neumann boundary condition. For the Dirichlet
boundary condition the proof is completely analogous taking in account the gradient
norm on H.
To simplify the notations we set v = ψ(Wε,ξ + ϕ). By definition of ψ we have
‖v‖2H ≤
ˆ
M
|∇gv|2 + v2 + q2(Wε,ξ + ϕ)2v2 = q
ˆ
(Wε,ξ + ϕ)
2v
≤
(ˆ
M
v2
∗
) 1
2∗
(ˆ
M
(Wε,ξ + ϕ)
4n
n+2
)n+2
2n
≤ c‖v‖H1g |Wε,ξ + ϕ|
2
4n
n+2
,g
≤ c‖v‖H1g
(
|Wε,ξ|24n
n+2
,g + |ϕ|24nn+2 ,g
)
Thus ‖v‖H ≤ c
(
|Wε,ξ| 4n
n+2
,g + |ϕ| 4nn+2 ,g
)
. Taking in account (21) of Remark 8 we
have that, for ε small |Wε,ξ|24n
n+2
,g ≤ Cε
2n
n+2 |U |24n
n+2
,g. Thus we have
(25) ‖v‖H1g ≤ c1
(
ε
2n
n+2 + |ϕ|24n
n+2
,g
)
≤ c1(ε 2nn+2 + ‖ϕ‖2H1g )
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and
(26) ‖v‖H1g ≤ c2ε
2n
n+2
(
1 + |ϕ|24n
n+2
,ε
)
≤ c2ε 2nn+2
(
1 + ‖ϕ‖2ε
)
.
that prove (23) and (24).For any ξ ∈M and h, k ∈ H1g it holds 
Lemma 10. It holds, for any h, k ∈ H and for any ξ ∈ ∂M
‖ψ′(Wε,ξ + k)[h]‖H ≤ c‖h‖H
{
ε2 + ‖k‖H
}
for some positive constant cwhen ε is sufficiently small.
Proof. Again, we prove the claim for the Neumann boundary condition being the
other case completely analogous. By (10) and since 0 < ψ < 1/q,
‖ψ′(Wε,ξ + k)[h]‖2H1g = 2q
ˆ
M
(Wε,ξ + k)(1− qψ(Wε,ξ + k))hψ′(Wε,ξ + k)[h]
−q2
ˆ
M
(Wε,ξ + k)
2(ψ′(Wε,ξ + k)[h])
2
≤
ˆ
M
Wε,ξ|h| |ψ′(Wε,ξ + k)[h]|+
ˆ
M
|k||h| |ψ′(Wε,ξ + k)[h]|
:= I1 + I2
We estimate the two terms I1 and I2 separately. We have
I1 ≤ |ψ′(Wε,ξ + k)[h]|2∗,g |h|2∗,g |Wε,ξ| 2
n
,g ≤ ε2‖ψ′‖H1g‖h‖H1g |Wε,ξ|n2 ,ε
I2 ≤ ‖k‖L3g‖h‖L3g‖ψ′(Wε,ξ + k)[h]‖L3g ≤ ‖k‖H1g‖h‖H1g‖ψ′‖H1g
and, in light of Remark 8, we obtain the claim. 
2.1. The Lyapunov Schmidt reduction. We want to split the space Hε in a
finite dimensional space generated by the solution of (18) and its orthogonal com-
plement. Fixed ξ ∈ ∂M and R > 0, we consider on the manifold the functions
(27) Ziε,ξ =

 ϕ
i
ε
((
ψ∂ξ
)−1
(x)
)
χR
((
ψ∂ξ
)−1
(x)
)
x ∈ Iξ(R) := Iξ(R,R);
0 elsewhere.
where ϕiε(z) = ϕ
i
(z
ε
)
and χR : B
n−1(0, R) × [0, R) → R+ is a smooth cut off
function such that χR ≡ 1 on Bn−1(0, R/2)× [0, R/2) and |∇χ| ≤ 2.
In the following, for sake of simplicity, we denote
(28) D+(R) = Bn−1(0, R)× [0, R) ⊂ Rn+
Let
Kε,ξ := Span
{
Z1ε,ξ, · · · , Zn−1ε,ξ
}
.
We can split Hε in the sum of the (n− 1)-dimensional space and its orthogonal
complement with respect of 〈·, ·〉ε, i.e.
K⊥ε,ξ :=
{
u ∈ Hε ,
〈
u, Ziε,ξ
〉
ε
= 0.
}
.
We solve problem (1) by a Lyapunov Schmidt reduction: we look for a function of
the form Wε,ξ + φ with φ ∈ K⊥ε,ξ such that
Π⊥ε,ξ
{
Wε,ξ + φ− i∗ε
[
f (Wε,ξ + φ) + ω
2g (Wε,ξ + φ)
]}
= 0(29)
Πε,ξ
{
Wε,ξ + φ− i∗ε
[
f (Wε,ξ + φ) + ω
2g (Wε,ξ + φ)
]}
= 0(30)
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where Πε,ξ : Hε → Kε,ξ and Π⊥ε,ξ : Hε → K⊥ε,ξ are, respectively, the projection on
Kε,ξ and K
⊥
ε,ξ. We see that Wε,ξ + φ is a solution of (1) if and only if Wε,ξ + φ
solves (29-30).
3. Reduction to finite dimensional space
In this section we find a solution for equation (29). In particular, we prove that
for all ε > 0 and for all ξ ∈ ∂M there exists φε,ξ ∈ K⊥ε,ξ solving (29). The main
part of the reduction is performed in [13] and in [20]. Here we explicitly estimate
only the term appearing in this specific contest.
We can rewrite equation (29) as
Lε,ξ(φ) = Nε,ξ(φ) +Rε,ξ + Sε,ξ(φ)
were Lε,ξ is the linear operator
Lε,ξ : K
⊥
ε,ξ → K⊥ε,ξ
Lε,ξ(φ) := Π
⊥
ε,ξ {φ− i∗ε [f ′(Wε,ξ)φ]} ,
Nε,ξ(φ) is the nonlinear term
Nε,ξ := Π
⊥
ε,ξ {i∗ε [f(Wε,ξ + φ)− f(Wε,ξ)− f ′(Wε,ξ)φ]}
Rε,ξ is a remainder term
Rε,ξ := Π
⊥
ε,ξ {i∗ε [f(Wε,ξ)]−Wε,ξ}
and Sε,ξ is the coupling term
Sε,ξ = Π
⊥
ε,ξ
{
i∗ε
[
ω2g (Wε,ξ + φ)
]}
.
Proposition 11. premise There exists ε0 > 0 and C > 0 such that for any ξ ∈ ∂M
and for all ε ∈ (0, ε0) there exists a unique φε,ξ = φ(ε, ξ) ∈ K⊥ε,ξ which solves (29).
Moreover
‖φε,ξ‖ε < Cε2.
Finally, ξ 7→ φε,ξ is a C1 map.
To prove this result, we premise some technical lemma.
Remark 12. We summarize here the results on Lε,ξ, Nε,ξ and Rε,ξ contained in [13].
There exist ε0 and c > 0 such that, for any ξ ∈ ∂M and ε ∈ (0, ε0)
‖Lε,ξ‖ε ≥ c‖φ‖ε for any φ ∈ K⊥ε,ξ.
Also it holds
‖Rε,ξ‖ε ≤ cε1+
n
p′
and
‖Nε,ξ(φ)‖ε ≤ c
(‖φ‖2ε + ‖φ‖p−1ε )
We further remark that np′ > 1 since 2 ≤ p < 2∗
We have now to estimate the coupling term Sε,ξ.
Lemma 13. If ‖φ‖ε, ‖φ1‖ε, ‖φ2‖ε = O(ε2) it holds
‖Sε,ξ(φ)‖ε ≤ cε2(31)
‖Sε,ξ(φ1)− Sε,ξ(φ2)‖ε ≤ lε‖φ1 − φ2‖ε(32)
where lε → 0 as ε→ 0.
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Proof. We have, by the properties of the map i∗ε, that
‖Sε,ξ(φ)‖ε ≤ c
∣∣ψ2(Wε,ξ + φ)(Wε,ξ + φ)∣∣ε,p′ + c |ψ(Wε,ξ + φ)(Wε,ξ + φ)|ε,p′
≤ c |ψ(Wε,ξ + φ)(Wε,ξ + φ)|ε,p′
≤ c
ε
n
p′
(ˆ
ψ(Wε,ξ + φ)
2∗
) 1
2∗
(ˆ
|Wε,ξ + φ|p
′
(
2∗
p′
)′) 1
p
′
(
2∗
p′
)′
≤ c ε
− n
p′
+ n
p
′
(
2∗
p′
)′
‖ψ(Wε,ξ + φ)‖H |Wε,ξ + φ|
ε,p′
(
2∗
p′
)′
≤ cε− n2∗ ‖ψ(Wε,ξ + φ)‖H ≤ cε− n2∗ ε
n+2
2 = cε2
by (24) and taking in account that ‖φ‖ε = o(1) by Remark 7, and the first step is
proved.
For the second claim, we have, since 0 ≤ ψ ≤ 1/q
‖Sε,ξ(φ1)− Sε,ξ(φ2)‖ε ≤c
∣∣ψ2(Wε,ξ + φ1)(Wε,ξ + φ1)− ψ2(Wε,ξ + φ2)(Wε,ξ + φ2)∣∣ε,p′
+ c |ψ(Wε,ξ + φ1)(Wε,ξ + φ1)− ψ(Wε,ξ + φ2)(Wε,ξ + φ2)|ε,p′
≤c |ψ(Wε,ξ + φ1)(Wε,ξ + φ1)− ψ(Wε,ξ + φ2)(Wε,ξ + φ2)|ε,p′
≤c |[ψ(Wε,ξ + φ1)− ψ(Wε,ξ + φ2)] (Wε,ξ + φ1)|ε,p′
+ |ψ(Wε,ξ + φ2) [φ1 − φ2]|ε,p′
≤c |[ψ′(Wε,ξ + (1 − θ)φ1 + θφ2)[φ1 − φ2]] (Wε,ξ + φ1)|ε,p′
+ |ψ(Wε,ξ + φ2) [φ1 − φ2]|ε,p′ := D1 +D2
for some θ ∈ (0, 1). Arguing as in the first part of the proof we get, in light of (24),
that
D2 ≤ cε−
n
p∗ ‖ψ(Wε,ξ + φ)‖H |φ1 − φ2|
ε,p′
(
2∗
p′
)′ ≤ cε− n2∗ εn+22 ‖φ1 − φ2‖ε
and, using Lemma 10, that
D1 ≤ cε−
n
p′ ‖[ψ′(Wε,ξ + (1− θ)φ1 + θφ2)[φ1 − φ2]]‖H |Wε,ξ + φ1|ε,p′( 2∗
p′
)′
≤ cε− np′ {ε2 + (1− θ)‖φ1‖H + θ‖φ2‖H} ‖φ1 − φ2‖H .
If n = 3, by (19) and since ‖φ1‖ε, ‖φ2‖ε = o(ε) by hypothesis we have
D1 ≤ cε−
3
p′
{
ε2 + ε1/2(1− θ)‖φ1‖ε + ε1/2θ‖φ2‖ε
}
ε1/2‖φ1 − φ2‖ε
≤ cε 52− 3p′ ‖φ1 − φ2‖ε
and the claim is proved since 52 − 3p′ > 0 if p′ > 65 that is true since p < 6. For
n = 4, analogously we have, by (20)
D1 ≤ cε−
4
p′
{
ε2 + ε(1− θ)‖φ1‖ε + εθ‖φ2‖ε
}
ε‖φ1 − φ2‖ε
≤ cε3− 4p′ ‖φ1 − φ2‖ε
and 3− 4p′ > 0 iff p′ > 43 that is p < 4. 
We can now prove the main result of this section
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Proof of Proposition 11. The proof is similar to Proposition 3.5 of [20], which we
refer to for all details. We want to solve (29) by a fixed point argument. We define
the operator
Tε,ξ : K
⊥
ε,ξ → K⊥ε,ξ
Tε,ξ(φ) = L
−1
ε,ξ (Nε,ξ(φ) +Rε,ξSε,ξ(φ))
By Remark 12 Tε,ξ is well defined and it holds
‖Tε,ξ(φ)‖ε ≤ c (‖Nε,ξ(φ)‖ε + ‖Rε,ξ‖ε + ‖Sε,ξ(φ)‖ε)
‖Tε,ξ(φ1)− Tε,ξ(φ2)‖ε ≤ c (‖Nε,ξ(φ1)−Nε,ξ(φ2)‖ε + ‖Sε,ξ(φ1)− Sε,ξ(φ2)‖ε)
for some suitable constant c > 0. By the mean value theorem (and by the properties
of i∗) we get
‖Nε,ξ(φ1)−Nε,ξ(φ2)‖ε ≤ c |f ′(Wε,ξ + φ2 + t(φ1 − φ2))− f ′(Wε,ξ)| p
p−2
,ε ‖φ1−φ2‖ε.
By [20], Remark 3.4 we have that |f ′(Wε,ξ + φ2 + t(φ1 − φ2))− f ′(Wε,ξ)| p
p−2
,ε <<
1 provided ‖φ1‖ε and ‖φ2‖ε small enough. This, combined with (32) proves that
there exists 0 < L < 1 such that ‖Tε,ξ(φ1)− Tε,ξ(φ2)‖ε ≤ L‖φ1 − φ2‖ε.
We recall that by Lemma 12 we have
‖Nε,ξ(φ)‖ε ≤ c
(‖φ‖2ε + ‖φ‖p−1ε )
‖Rε,ξ‖ε ≤ ε1+
n
p′ = o(ε2)
This, combined with (31) gives us
‖Tε,ξ(φ)‖ε ≤ c (‖Nε,ξ(φ)‖ε + ‖Rε,ξ‖ε + ‖Sε,ξ(φ)‖ε)
≤ c
(
‖φ‖2ε + ‖φ‖p−1ε + ε1+
n
p′ + cε2
)
So, there exists a positive constant C such that Tε,ξ maps a ball of center 0 and
radius Cε2 in K⊥ε,ξ into itself and it is a contraction. So there exists a fixed point
φε,ξ with norm ‖φε,ξ‖ε ≤ Cε2.
The continuity of φε,ξ with respect to ξ is standard. 
4. The reduced functional
In this section we define the reduced functional in a finite dimensional space and
we solve equation (30). This leads us to the prove of main theorem.
We have introduced Iε(u) in the introduction. We now define the reduced func-
tional
I˜ε : ∂M → R
I˜ε(ξ) = Iε(Wε,ξ + φε,ξ)
where φε,ξ is uniquely determined by Proposition 11.
Lemma 14. Let ξ0 a critical point of I˜ε, that is, if ξ = ξ(y) = exp
∂
ξ0
(y), y ∈
Bn−1(0, r), then (
∂
∂yh
I˜ε(ξ(y))
)
|y=0
= 0, h = 1, . . . , n− 1.
Thus the function φε,ξ +Wε,ξ solves equation (30).
Proof. The proof of this lemma is just a computation. 
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Lemma 15. It holds
I˜ε(ξ) = C − εH(ξ) + o(ε)
C1 uniformly with respect to ξ ∈ ∂M as ε goes to zero. Here H(ξ) is the mean
curvature of the boundary ∂M at ξ.
To prove Lemma we study the asymptotic expansion of I˜ε(ξ) with respect to ε.
We recall the result contained in [13].
Remark 16. It holds
J˜ε(ξ) : = Jε(Wε,ξ + φε,ξ) = Jε(Wε,ξ) + o(ε)(33)
= C − εαH(ξ) + o(ε)
C1 uniformly with respect to ξ ∈ ∂M as ε goes to zero, where
C :=
ˆ
R
n
+
1
2
|∇U(z)|2 + 1
2
U2(z)− 1
p
Up(z)dz
α :=
(n− 1)
2
ˆ
R
n
+
(
U ′(|z|)
|z|
)2
z3ndz
In light of this result, it remains to estimate the coupling functional Gε to prove
Lemma 15. We split this proof in several lemmas.
Lemma 17. It holds
(34) Gε (Wε,ξ + φε,ξ)−Gε (Wε,ξ) = o(ε)
(35) [G′ε (Wε,ξ0 + φε,ξ0)−G′ε (Wε,ξ0)]
[(
∂
∂yh
Wε,ξ(y)
)
|y=0
]
= o(ε)
(36) G′ε
(
Wε,ξ(y) + φε,ξ(y)
) [ ∂
∂yh
φε,ξ(y)
]
= o(ε)
Proof. Let us prove (34). We have (for some θ ∈ [0, 1])
Gε (Wε,ξ + φε,ξ)−Gε (Wε,ξ)
=
1
εn
ˆ
M
[
ψ (Wε,ξ + φε,ξ) (Wε,ξ + φε,ξ)
2 − ψ (Wε,ξ) (Wε,ξ)2
]
=
1
εn
ˆ
M
ψ′ (Wε,ξ + θφε,ξ) [φε,ξ] (Wε,ξ)
2
+
1
εn
ˆ
M
ψ (Wε,ξ + φε,ξ)
(
2φε,ξWε,ξ + φ
2
ε,ξ
)
:= I1 + I2.
By Lemma 10 and Remark 8 we have
I1 ≤ 1
εn

ˆ
M
(ψ′ (Wε,ξ + θφε,ξ) [φε,ξ])
2
dµg


1
2

ˆ
M
W 4ε,ξdµg


1
2
≤ε
n
2
εn
‖ψ′ (Wε,ξ + θφε,ξ) [φε,ξ]‖H |Wε,ξ|2ε,2
≤ε−n2 (ε2‖φε,ξ‖H + ‖φε,ξ‖2H) ≤ ε 9−n2 = o(ε).
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since ‖φε,ξ‖H ≤ ε1/2‖φε,ξ‖ε ≤ ε5/2 by Proposition 11.
For I2 we have, by (24) and Remark 8 in a similar way we get
I2 ≤ 1
εn

ˆ
M
ψ2 (Wε,ξ + φε,ξ) dµg


1
2

ˆ
M
φ4ε,ξdµg


1
2
+
1
εn

ˆ
M
ψ3 (Wε,ξ + φε,ξ) dµg


1
3

ˆ
M
φ3ε,ξdµg


1
3

ˆ
M
W 3ε,ξdµg


1
3
≤ 1
εn
‖ψ (Wε,ξ + φε,ξ)‖H ‖φε,ξ‖2H+
+
ε
n
3
εn
‖ψ (Wε,ξ + φε,ξ)‖H ‖φε,ξ‖H |Wε,ξ|ε,3
≤ε−n+n+22 +5 + ε− 23n+n+22 + 52 = ε 12−n2 + ε 21−n6 = o(ε)
since n = 3, 4. Then (34) follows.
Let us prove (35). Since 0 ≤ ψ ≤ 1/q we have
[G′ε (Wε,ξ0 + φε,ξ0)−G′ε (Wε,ξ0)]
[(
∂
∂yh
Wε,ξ(y)
)
|y=0
]
≤
∣∣∣∣∣ cεn
ˆ
M
{ψ (Wε,ξ + φε,ξ)− ψ (Wε,ξ)}Wε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣
+
∣∣∣∣∣ cεn
ˆ
M
{
ψ2 (Wε,ξ + φε,ξ)− ψ2 (Wε,ξ)
}
Wε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣
+
∣∣∣∣∣ cεn
ˆ
M
ψ (Wε,ξ + φε,ξ)φε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣
+
∣∣∣∣∣ cεn
ˆ
M
ψ2 (Wε,ξ + φε,ξ)φε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣
≤
∣∣∣∣∣ cεn
ˆ
M
{ψ (Wε,ξ + φε,ξ)− ψ (Wε,ξ)}Wε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣
+
∣∣∣∣∣ cεn
ˆ
M
ψ (Wε,ξ + φε,ξ)φε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣
≤
∣∣∣∣∣ cεn
ˆ
M
{ψ′ (Wε,ξ + θφε,ξ) [φε,ξ]}Wε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣
+
∣∣∣∣∣ cεn
ˆ
M
ψ (Wε,ξ + φε,ξ)φε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣ := D1 +D2
for some 0 < θ < 1.
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By Lemma 10, Remark 8, recalling that ‖φε,ξ‖H ≤ ε1/2‖φε,ξ‖H ≤ ε5/2 and that∥∥∥ ∂∂yhWε,ξ(y)
∥∥∥
ε
= O
(
1
ε
)
(cfr. eq (38)) we have
D1 ≤ c
εn
(ˆ
M
{ψ′ (Wε,ξ + θφε,ξ) [φε,ξ]}3
) 1
3
(ˆ
M
W 3ε,ξ(y)
) 1
3
(ˆ
M
(
∂
∂yh
Wε,ξ(y)
)3) 13
≤cε
2
3
n
εn
‖ψ′ (Wε,ξ + θφε,ξ) [φε,ξ]‖H ‖Wε,ξ(y)‖ε
∥∥∥∥ ∂∂yhWε,ξ(y)
∥∥∥∥
ε
≤cε−1−n3 ‖ψ′ (Wε,ξ + θφε,ξ) [φε,ξ]‖H ≤ cε−1−
n
3 ‖φε,ξ‖H
{
ε2 + ‖φε,ξ‖H
}
≤cε−1−n3 ε 52 ε2 = cε 72−n3 = o(ε).
In a similar way, using (24) and the above estimates we get
D2 ≤ c
εn
(ˆ
M
ψ3 (Wε,ξ + φε,ξ)
) 1
3
(ˆ
M
φ3ε,ξ0
) 1
3
(ˆ
M
(
∂
∂yh
Wε,ξ(y)
)3) 13
≤cε
n
3
εn
‖ψ (Wε,ξ + φε,ξ)‖H ‖φε,ξ‖H
∥∥∥∥ ∂∂yhWε,ξ(y)
∥∥∥∥
ε
≤cε− 23n−1ε 52 ‖ψ (Wε,ξ + φε,ξ)‖H ≤ cε−
2
3
n+ 3
2 ε
n+2
n (1 + ‖φε,ξ‖ε)
≤cε 15−n6 = o(ε)
and (35) is proved.
The prove of (36) requires to estimate that
(37)
I :=
∣∣∣∣∣∣
1
εn
ˆ
M
[
q2ψ2
(
Wε,ξ(y) + φε,ξ(y)
)− 2qψ (Wε,ξ(y) + φε,ξ(y))] (Wε,ξ(y) + φε,ξ(y))Z lε,ξ(y)
∣∣∣∣∣∣ = o(ε),
where the functions Z lε,ξ(y) are defined in (27). By (37) it is possible to complete
the proof the lemma, with the same arguments the proof of (5.10) in [20], which we
refer to for the missing details. To prove (37), since 0 < ψ < 1/q, we get, as before,
I ≤
∣∣∣∣∣∣
c
εn
ˆ
M
ψ
(
Wε,ξ(y) + φε,ξ(y)
) (
Wε,ξ(y) + φε,ξ(y)
)
Z lε,ξ(y)
∣∣∣∣∣∣ ≤
≤cε
n+2
2
εn

ˆ
M
ψ2
∗ (
Wε,ξ(y) + φε,ξ(y)
)
1
2∗

 1
εn
ˆ
M
(
Wε,ξ(y) + φε,ξ(y)
) 4n
n+2


n+2
4n
×

 1
εn
ˆ
M
(
Z lε,ξ(y)
) 4n
n+2


n+2
4n
≤cε 2−n2
∥∥ψ (Wε,ξ(y) + φε,ξ(y))∥∥H ∣∣Wε,ξ(y) + φε,ξ(y)∣∣ε, 4n
n+2
∣∣∣Z lε,ξ(y)∣∣∣
ε, 4n
n+2
.
Arguing as in Remark 8, we have that
∣∣∣Z lε,ξ(y)∣∣∣
ε, 4n
n+2
→ |ϕl| 4n
n+2
, so, by (24) we
obtain
I ≤ cε 2−n2 εn+22 = cε2.
14 MARCO GHIMENTI AND ANNA MARIA MICHELETTI
This concludes the proof. 
Lemma 18. It holds that
Gε(Wε,ξ) :=
1
εn
ˆ
M
ψ(Wε,ξ)W
2
ε,ξdµg = o(ε)
C1−uniformly with respect to ξ ∈M as ε goes to zero.
Proof. At first we have, by Remark 8 and by (23)
Gε(Wε,ξ) ≤ c 1
εn

ˆ
M
ψ3(Wε,ξ)


1
3

ˆ
M
W 3ε,ξ


2
3
≤ c 1
εn
ε
n+2
2 ε
2
3
n = cε
n
6
+1 = o(ε).
We want now to prove the C1 convergence, id est, if ξ(y) = expξ(y) for y ∈ B(0, r),
we will prove that
∂
∂yh
Gε(Wε,ξ)
∣∣∣∣
y=0
=
2
εn
ˆ
M
(
2qψ(Wε,ξ)− q2ψ2(Wε,ξ)
)
Wε,ξ
[
∂
∂yh
Wε,ξ(h)
∣∣∣∣
y=0
]
dµg
for h = 1, . . . , n− 1. Since 0 < ψ < 1/q, immediately we have∣∣∣∣∣ ∂∂yhGε(Wε,ξ)
∣∣∣∣
y=0
∣∣∣∣∣ ≤ c
∣∣∣∣∣∣
1
εn
ˆ
M
ψ(Wε,ξ(y))Wε,ξ(h)
∂
∂yh
Wε,ξ(h)
∣∣∣∣
y=0
dµg
∣∣∣∣∣∣
Set I1 the quantity inside the absolute value at the r.h.s. of the above equation.
Using the Fermi coordinates and the previous estimates we get
1
ε2
I1(ε, ξ) =
ˆ
R
n
+
v˜ε,ξ(z)
ε2
2U(z)χR(εz)|gξ(εz)|1/2×
×
{
3∑
k=1
[
1
ε
∂U(z)
∂zk
χR(εz) + U(z)
∂χr(εz)
∂zk
]
∂
∂yh
Hk(0, expξ(εz))
}
dz.
where Hk(x, y) is introduced in Definition (22). Since |gξ(εz)|1/2 = 1+O(ε|z|) and
by Lemma 24 we have
I1(ε, ξ) =2ε
ˆ
R
n
+
v˜ε,ξ(z)U(z)
∂U(z)
∂zh
χ2R(εz)dz + o(ε)
=2ε
ˆ
R
n
+
v˜ε,ξ(z)U(z)
∂U(z)
∂zh
dz + o(ε)
By Lemma 20 we have that
{
1
ε2n
v˜εn,ξ
}
n
converges to γ weakly in L2
∗
(Rn+), so we
have
I1(ε, ξ) = 2ε
ˆ
Rn
γU(z)
∂U(z)
∂zh
dz + o(ε)
NONLINEAR KGM SYSTEMS 15
where h = 1, . . . , n − 1. Finally, we have that
ˆ
Rn
γ(z)U(z)
∂U(z)
∂zh
dz = 0 because
both γ (see Remark 21) and U are symmetric with respect z1, . . . , zn−1 while
∂U(z)
∂zh
is antisymmetric. This concludes the proof. 
We can now prove Lemma 15.
Proof of Lemma 15. We want to estimate
Iε(Wε,ξ + φε,ξ) = Jε(Wε,ξ + φε,ξ) +
ω2
2
Gε(Wε,ξ + φε,ξ),
By Remark 16 we have that
Jε(Wε,ξ + φε,ξ) = Jε(Wε,ξ) + o(ε) = C − εαH(ξ) + o(ε)
C1 uniformly with respect to ξ ∈ ∂M as ε goes to zero. Moreover by Lemma 17
and by Lemma 18 we have that
Gε(Wε,ξ + φε,ξ) = o(ε)
C1 uniformly with respect to ξ ∈ ∂M and this concludes the proof. 
4.1. Sketch of the proof of Theorem 2. In section 3, Proposition 11 we found
a function φε,ξ solving (29). By Lemma 14 we can solve (30) once we have a critical
point of functional I˜ε. At this point by Lemma 15 and by definition of C
1 stable
critical point (Def. 1) we can complete the proof.
Appendix A. Technical lemmas
Lemma 19. There exists ε0 > 0 and c > 0 such that, for any ξ0 ∈ ∂M and for
any ε ∈ (0, ε0) it holds
(38)
∥∥∥∥ ∂∂yhZ lε,ξ(y)
∥∥∥∥
ε
= O
(
1
ε
)
,
∥∥∥∥ ∂∂yhWε,ξ(y)
∥∥∥∥
ε
= O
(
1
ε
)
,
for h = 1, . . . , n− 1, l = 1, . . . , n
Lemma 20. Let us consider the functions
v˜ε,ξ(z) =


ψ(Wε,ξ)
(
Ψ∂ξ (εz)
)
for z ∈ D+(R/ε)
0 for z ∈ R3 rD+(R/ε)
Where D+(r/ε) =
{
z = (z¯, zn), z¯ ∈ Rn−1, |z¯| < r/ε, 0 ≤ zn < R/ε)
}
. Then there
exists a constant c > 0 such that
‖v˜ε,ξ(z)‖L2∗(Rn
+
) ≤ cε2.
Furthermore, take a sequence εn → 0, up to subsequences,
{
1
ε2n
v˜εn,ξ
}
n
converges
weakly in L2
∗
(Rn+) as ε goes to 0 to a function γ ∈ D1,2(R3). The function γ solves,
in a weak sense, the equation
(39) −∆γ = qU2 in Rn+
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Proof. We prove the Lemma for Problem (1), being the Problem (2) completely
analogous. By definition of v˜ε,ξ(z) and by (1) we have, for all z ∈ D+(r/ε),
(40) −
∑
ij
∂j
(
|gξ(εz)|1/2gijξ (εz)∂iv˜ε,ξ(z)
)
=
= ε2|gξ(εz)|1/2
{
qU2(z)χ2r(εz)−
[
1 + q2U2(z)χ2R(εz)
]
v˜ε,ξ(z)
}
By (40), and remarking that v˜ε,ξ(z) ≥ 0 we have
‖v˜ε,ξ(z)‖2D1,2(D+(r/ε)) ≤ C
ˆ
D+(R/ε)
|gξ(εz)|1/2gijξ (εz)∂iv˜ε,ξ(z)∂j v˜ε,ξ(z)dz
= Cε2
ˆ
D+(R/ε)
|gξ(εz)|1/2
{
qU2(z)χ2R(εz)v˜ε,ξ(z)−
[
1 + q2U2(z)χ2R(εz)
]
v˜2ε,ξ(z)
}
dz
≤ Cε2
ˆ
D+(R/ε)
|gξ(εz)|1/2qU2(z)χ2R(ε|z|)v˜ε,ξ(z)dz
≤ Cε2‖v˜ε,ξ(z)‖L2∗(D+(R/ε))‖U‖2
L
4n
n+2
≤ Cε2‖v˜ε,ξ(z)‖D1,2(D+(R/ε))
Thus we have
(41) ‖v˜ε,ξ(z)‖D1,2(D+(R/ε)) ≤ Cε2 and |v˜ε,ξ(z)|L2∗(Rn
+
) ≤ Cε2.
By (41), if εn is a sequence which goes to zero, the sequence
{
1
ε2n
v˜εn,ξ
}
n
is bounded
in L2
∗
(Rn+). Then, up to subsequence,
{
1
ε2n
v˜εn,ξ
}
n
converges to some γ˜ ∈ L2∗(Rn+)
weakly in L2
∗
(Rn+).
Moreover, by (40), for any ϕ ∈ C∞0 (Rn+), it holds
(42)
ˆ
supp ϕ
∑
ij
|gξ(εz)|1/2gijξ (εz)∂i
v˜ε,ξ(z)
ε2n
∂jϕ(z)dz =
ˆ
supp ϕ
{
qU2(z)χ2r(ε|z|)−
[
1 + q2U2(z)χ2R(εz)
]
v˜ε,ξ(z)
} |gξ(εz)|1/2ϕ(z)dz.
Consider now the functions
vε,ξ(z) := ψ(Wε,ξ)
(
Ψ∂ξ (εz)
)
χR(εz) = v˜ε,ξ(z)χr(εz) for z ∈ Rn+.
We have immediately that vε,ξ(z) is bounded in D
1,2(Rn+), thus the sequence{
1
ε2n
vεn,ξ
}
n
converges to some γ ∈ D1,2(R3) weakly in D1,2(Rn+) and in L2
∗
(Rn+).
Finally, for any compact set K ⊂ Rn+ eventually vεn,ξ ≡ v˜εn,ξ on K. So it is easy
to see that γ˜ = γ.
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We recall that |gξ(εz)|1/2 = 1 + O(ε|z|) and gijξ (εz) = δij + O(ε|z|) so, by the
weak convergence of
{
1
ε2n
vεn,ξ
}
n
in D1,2(Rn+), for any ϕ ∈ C∞0 (Rn+) we get
(43)
ˆ
supp ϕ
∑
ij
|gξ(εnz)|1/2gijξ (εnz)∂i
v˜εn,ξ(z)
ε2n
∂jϕ(z)dz
=
ˆ
supp ϕ
∑
ij
|gξ(εnz)|1/2gijξ (εnz)∂i
vεn,ξ(z)
ε2n
∂jϕ(z)dz
→
ˆ
R3
∑
i
∂iγ(z)∂iϕ(z)dz as n→∞.
Thus by (42) and by (43) and because
{
1
ε2n
v˜εn,ξ
}
n
converges to γ weakly in L2
∗
(Rn+)
we get ˆ
R
n
+
∑
i
∂iγ(z)∂iϕ(z)dz = q
ˆ
R
n
+
U2(z)ϕ(z)dz for all ϕ ∈ C∞0 (Rn+).
So, finally, up to subsequences,
{
1
ε2n
v˜εn,ξ
}
n
converges to γ, weakly in L2
∗
(Rn+) and
the function γ ∈ D1,2(Rn+) is a weak solution of −∆γ = qU2 in Rn+. 
Remark 21. We remark that γ is positive and decays exponentially at infinity with
its first derivative because it solves −∆γ = qU2 in Rn+. Moreover its is symmetric
with respect to the first n− 1 variables.
Definition 22. Let ξ0 ∈ ∂M . We introduce the functions E and E˜ as follows.
E(y, x) =
(
exp∂ξ(y)
)−1
(x) =
(
exp∂exp∂
ξ0
y
)−1
(exp∂ξ0 η¯) = E˜(y, η¯)
where x, ξ(y) ∈ ∂M , y, η¯ ∈ B(0, R) ⊂ Rn−1 and ξ(y) = exp∂ξ0 y, x = exp∂ξ0 η¯. Using
Fermi coordinates, in a similar way we define
H(y, x) =
(
ψ∂ξ(y)
)−1
(x) =
(
ψ∂exp∂
ξ0
y
)−1 (
ψ∂ξ0(η¯, ηn)
)
= H˜(y, η¯, ηn) = (E˜(y, η¯), ηn)
where x ∈ M , η = (η¯, ηn), with η¯ ∈ B(0, R) ⊂ Rn−1 and 0 ≤ ηn < R, ξ(y) =
exp∂ξ0 y ∈ ∂M and x = ψ∂ξ0(η).
Lemma 23. It holds
∂E˜k
∂yj
(0, 0) = −δjk for j, k = 1, . . . , n− 1
Proof. We recall that E˜(y, η¯) =
(
exp∂ξ(y)
)−1
(exp∂ξ0 η¯). Let us introduce, for y, η¯ ∈
B(0, R) ⊂ Rn−1
F (y, η¯) =
(
exp∂ξ0
)−1 (
exp∂ξ(y)(η¯)
)
Γ(y, η¯) = (y, F (y, η¯)) .
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We notice that Γ−1 = (y, E˜(y, η¯)). We can easily compute the derivative of Γ. We
have
Γ′(yˆ, ηˆ)[y˜, η˜] =
(
IdRn−1 0
F ′y(yˆ, ηˆ) F
′
η(yˆ, ηˆ)
)(
y˜
η˜
)
,
thus (
Γ−1
)′
(yˆ, ηˆ)[y˜, η˜] =
(
IdRn−1 0
− (F ′η(yˆ, ηˆ))−1 F ′y(yˆ, ηˆ) (F ′η(yˆ, ηˆ))−1
)(
y˜
η˜
)
Now, by direct computation we have that
F ′η(0, ηˆ) = IdRn−1 and F
′
y(yˆ, 0) = IdRn−1 ,
so ∂E˜k∂yj (0, 0) =
(
− (F ′η(0, 0))−1 F ′y(0, 0))
jk
= −δjk. 
Lemma 24. We have that
H˜(0, η¯, ηn) =(η¯, ηn) for η¯ ∈ Rn−1, ηn ∈ R+
∂H˜k
∂yj
(0, 0, ηn) =− δjk for j, k = 1, . . . , n− 1, ηn ∈ R+
∂H˜n
∂yj
(y, η¯, ηn) =0 for j = 1, . . . , n− 1, y, η¯ ∈ Rn−1, ηn ∈ R+
Proof. The first two claim follows immediately by Definition 22 and Lemma 23.
For the last claim, observe that H˜k(y, η¯, ηn) = E˜k(y, η¯) which does not depends on
ηn as well as its derivatives. 
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